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Summary

Univariate continuous distributions have three possible types
of support exemplified by: the whole real line, R, the semi-finite
interval R+= (0,∞) and the bounded interval (0, 1). This paper is
about connecting distributions on these supports via ‘natural’ sim-
ple transformations in such a way that tail properties are preserved.
In particular, this work is focussed on the case where the tails (at
±∞) of densities are heavy, decreasing as a (negative) power of their
argument; connections are then especially elegant. At boundaries
(0 and 1), densities behave conformably with a directly related de-
pendence on power of argument. The transformation from (0, 1)
to R+ is the standard odds transformation. The transformation
from R+ to R is a novel identity-minus-reciprocal transformation.
The main points of contact with existing distributions are with the
transformations involved in the Birnbaum-Saunders distribution
and, especially, the Johnson family of distributions. Relationships
between various other existing and newly proposed distributions
are explored.

Key words: Birnbaum-Saunders distribution; Johnson distributions; Power
tails; Transformation.

1



1 Introduction and Background

This paper is partly expository and partly unificatory with a fairly large
helping of novelty. We will be considering models for continuous univariate
data on (a, b) where a and b can be finite or infinite. Generically, there are
three possible supports for such models, the whole real line, R, the semi-
finite interval and the bounded interval; the last two can, without loss of
generality, be taken to be R+= (0,∞) and (0, 1). (Boundary values are
taken to be known; other finite boundary values can be accommodated by
linear transformation.) The aim of this paper is to provide novel direct and
simple connections between families of distributions proposed separately for
each of these supports. The main tool will be (simple) transformation. We
focus entirely on densities with power tails and discuss what we mean by this
in each context next. (Our transformations are also applicable to densities
with other tail behaviour but their effects are not then so elegant or natural
and we shall not discuss them in this paper.)

1.1 Power-Tailed Distributions on R

On R, four-parameter families of unimodal distributions form a natural
focus for distribution theory work. Such families of distributions involve a
location parameter, a scale parameter and two further, shape, parameters,
which jointly account for skewness and tailweights in some appropriate way.
Of course, location-scale and three-parameter subfamilies of distributions are
often employed in practical work. (Unimodality is a natural requirement for
distributional building blocks which can be combined by, e.g., finite mixing,
to model multimodal situations. We are therefore only really interested in
unimodal distributions in this paper.) Let f , F and X denote the density
function, distribution function and random variable associated with a generic
distribution on R.

By power tails of the density, we mean that f(x) ∼ |x|−(α+1) as x →
−∞ and f(x) ∼ x−(β+1) as x → ∞ for some α, β > 0. (α and β will be,
more or less directly, linked to the two shape parameters mentioned above.)
The particular interest in these distributions is as models with (one or two)
heavy tails, heavy left- and right-tails corresponding to small α and small β,
respectively. Symmetric distributions and some asymmetric distributions will
have α = β. An archetypal example of a heavy tailed symmetric distribution
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is the Student t distribution where α = β = ν, the degrees of freedom
parameter of the distribution.

1.2 Power-Tailed Distributions on R+

Families of distributions on R+ are often considered separately from those
on R (but see Section 1.4 for exceptions to this statement). The natural
‘equivalent level’ of parametrisation for families of distributions on R+ would
appear to be three-parameter, with a scale parameter and two shape param-
eters. The latter can once more be used to model skewness and tailweights
(but note that all distributions on R are necessarily skew); scale-only and
two-parameter subfamilies are, again, of importance in practice. There is no
location parameter in these models because the location role is essentially
taken by the origin. We assume that there is sufficient probability mass near
the origin so that the role of the origin is important; if data are all far away
from zero, the distinction between R and R+ is irrelevant in practice. The
basic families of distributions on R+ are also unimodal, but that mode may
be at the origin, whereby corresponding densities are monotone decreasing.
Let g, G and Y denote the density function, distribution function and random
variable associated with a generic distribution on R+.

The right-hand tail of distributions on R+ is unaffected by the left-hand
boundary, and so the same considerations apply as to the right-hand tail
behaviour of f on R. In particular, for heavy right-tail modelling purposes
we can take g(y) ∼ y−(δ+1) as y → ∞ for some δ > 0. The value of a density
on R+ at zero can be, in order of increasing ‘boundary-tail’ weight, zero,
finite non-zero, or even infinite. This behaviour is covered by an apparently
different form of power boundary-tail behaviour: g(y) ∼ yγ−1 as y → 0
for some γ > 0. Zero, finite non-zero and infinite boundary-tail weight
correspond to γ > 1, γ = 1 and 0 < γ < 1, respectively. Many familiar
models for positive data have such behaviour at 0: the gamma and Weibull
distributions are two examples. The most familiar distribution with power
tails at both 0 and ∞ is probably the F distribution (on 2γ and 2δ degrees
of freedom).

1.3 Power-Tailed Distributions on (0, 1)

For the third case, of distributions on (0, 1), the natural extension of the
above is to distributions with just two shape parameters and neither location

3



nor scale parameters, their role being assumed by an interval end and the
interval length, respectively. Again, such distributions are of real, separate,
interest only if there is non-negligible probability mass near both ends of
the interval. Unimodality can, in this case, be relaxed slightly to also allow
uniantimodal densities arising in some cases where the density is non-zero at
both boundaries. Let h, H and Z denote the density function, distribution
function and random variable associated with a generic distribution on (0,1).

Each boundary, at 0 and 1, should be associated with power boundary-
tail behaviour of h mimicking that of power boundary-tail behaviour of g
at 0. Immediately, we take h(z) ∼ zε−1 as z → 0; analogously, we need
h(z) ∼ (1−z)ζ−1 as z → 1 (ε, ζ > 0). Conditions for h being zero, finite non-
zero or infinite at each of 0 and 1 are then obvious. The archetypal example
of a class of distributions behaving in the way outlined in this subsection is,
of course, the beta distribution (with parameters ε and ζ).

1.4 Discussion, Outline and Basic References

Let us think a little about transforming between supports in such a way as
to retain the respective power tail behaviours of densities on those supports.
As we have already indicated, right-hand tail behaviours of f and g can be
precisely the same because that of g should be unaffected by the boundary
at zero. The behaviour of g at 0 should be linked in some natural manner to
the left-hand tail behaviour of f . (And, in fact, the behaviour of h at 0 and 1
should link to that of g at 0 and ∞, respectively, and thus to that of f at −∞
and ∞.) In making these rather straightforward statements, we are diverg-
ing somewhat from common practice. First, as we have already mentioned,
families of distributions on R, R+ and (0, 1) are often simply considered sep-
arately. Second, if families are linked, it is often by transformations that do
not result in these properties. The log transformation is the main example
connecting distributions on R and R+, e.g. normal and log-normal distri-
butions. (Box-Cox transformations from R+ do not fit the bill at all here
because, except for the logarithmic special case, they do not have range the
whole of R.) But log transformations make, for example, the right-hand tail
of f orders-of-magnitude lighter than that of g. (Of course, this can often
be a major aim of such transformation.) Third, ‘folding’ distributions on R
onto R+ (e.g. taking Y = |X−θ| if f is symmetric about the point of folding
θ) can serve to retain right-hand tail weights but at the expense, typically,
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of forcing g(0) to be finite non-zero. These links are therefore eschewed in
this paper in favour of a partially new set of transformations which retain
the required tail behaviour throughout: in fact, we will enforce α = γ = ε,
β = δ = ζ .

The transformations of central interest in this paper are developed in
Section 2. There turns out (Section 2.1) to be a close connection with the
transformations involved in the Johnson family of distributions (Johnson,
1949, Johnson et al., 1994a, Section 12.4.3). General properties of the trans-
formation families, including their densities, tail and boundary behaviour,
moments, quantiles, symmetry and asymmetry and modality, are consid-
ered in Section 3. Several major examples of distributions, both new and
old, that are linked via these transformations are described in Section 4.
Another point of contact with the literature (Section 4.3) will be with the
transformations involved in the Birnbaum-Saunders distribution (Birnbaum
& Saunders, 1969, Johnson et al., 1994b, Section 33.3). A brief revisit to the
question of parametrisations closes the paper in Section 5.

Major reference works covering the distributions considered in this paper
are Johnson, Kotz & Balakrishnan (1994a,b). Useful quick references include
Evans, Hastings & Peacock (1993) and Balakrishnan & Nevzorov (2003).

2. The Transformations of Interest

We now connect distributions on R, R+ and (0, 1) by simple transfor-
mations in such a way that tail behaviours at infinity are unaffected and
density behaviour at finite endpoints matches corresponding tail behaviour
in a natural way. First, consider X as a function of Y , from R+ to R. To
match right-hand tailweights, a component of this function should be the
identity, incorporated in such a way as to dominate the transformation for
large Y . To match behaviour of g(0) with behaviour of f(−∞), the negative
reciprocal transformation X = −1/Y is very appealing. To see this, recall
that f(x) ∼ |x|−(α+1) as x → −∞. Then, standard change of variables ma-
nipulations show that g(y) ∼ yα−1 as y → 0. By employing the reciprocal,
the parameter α that indexes the (heavy) power left-hand tail of f trans-
lates directly to the required power form of behaviour of densities on R+ at
zero. It then turns out that the combined identity-minus-reciprocal trans-
formation X = Y − (1/Y ) retains the above properties and is at the heart
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of our work. (Slightly greater mathematical elegance is achieved by dividing
this transformation by 2; since this is just a scale factor, we do this with no
loss of generality.) We are not aware of previous uses of the identity-minus-
reciprocal transformation in the statistical literature except in thin disguise
in the context of Birnbaum-Saunders distributions (see Section 4.3).

Similar considerations concerning X as a function of Z suggest as com-
ponents of a transformation from (0, 1) to R, −1/Z and 1/(1−Z), resulting
in X = {1/(1−Z)}− (1/Z). (The same scale factor of 1/2 will also be intro-
duced.) And, sure enough, f(x) ∼ |x|−(α+1) as x → −∞ and f(x) ∼ x−(β+1)

as x → ∞ translate to h(z) ∼ zα−1 as z → 0 and h(z) ∼ (1 − z)β−1 as
z → 1, respectively. The complete (canonical) set of transformations and
their inverses, since all are invertible, is therefore:

X =
1

2

(
Y − 1

Y

)
, Y = X +

√
X2 + 1; (1a)

X =
1

2

(
1

1 − Z
− 1

Z

)
, Z =

X − 1 +
√

X2 + 1

2X
; (1b)

Y =
Z

1 − Z
, Z =

Y

1 + Y
. (1c)

The square root sign is always taken to indicate the positive square root in
this work.

Note that the final transformation (1c) has been implicit so far but is
the very standard odds transformation connecting R+ and (0, 1). How-
ever, it is usually utilised in conjunction with the logarithmic transformation
from R+ to R to form the log-odds or logistic transformation from (0, 1)
to R. An interesting link with the logarithmic transformation is to note
that X = sinh(log Y ). One can therefore say that transformation (1a) recog-
nises that the logarithmic transformation changes tailweights and utilises the
hyperbolic sine transformation to reverse the effect on tailweights while re-
maining on support R. If we interpret Z to be a (random) probability, then
transformations (1a,b,c) correspond to transforming first to the odds scale
(on R+) and then to a difference of odds for and against (on R). The last
claim follows because X can also be written in terms of Z as

X =
1

2

(
Z

1 − Z
− 1 − Z

Z

)
,
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a consequence of the mathematical fact that Z − (1 − Z) = Z2 − (1 − Z)2.

2.1 Connections with Johnson Distributions

The original SU , SL = log-normal and SB distributions on R, R+ and
(0, 1), respectively, of Johnson (1949) can be written in canonical form (ignor-
ing location and scale parameters and using the S notation for the associated
random variables too) as

N = γ + δ sinh−1(SU) = γ + δ log
(
SU +

√
1 + S2

U

)
, SU ∈ R,

N = γ + δ log(SL), SL ∈ R+

N = γ + δ log{SB/(1 − SB)}, SB ∈ (0, 1),

where N is a standard normal random variable. We observe that, in terms
of a general normal variable Nγ,δ = (N − γ)/δ,

SU =
1

2

(
FL(Nγ,δ)

1 − FL(Nγ,δ)
− 1 − FL(Nγ,δ)

FL(Nγ,δ)

)
=

1

2

(
1

1 − SB
− 1

SB

)
=

1

2

(
SL − 1

SL

)
,

SL =
FL(Nγ,δ)

1 − FL(Nγ,δ)
=

SB

1 − SB

,

SB = FL(Nγ,δ),

where FL is the distribution function of the standard logistic distribution.
The transformation relationships between SU , SL and SB are precisely

those considered in this paper. In that sense, relationships (1a,b,c) generalise
Johnson distributions by replacing SB by any other random variable on (0, 1).

This differs from extant or other obvious extensions of Johnson distri-
butions. For example, one extension is to replace the normal random vari-
able N by another (symmetric) random variable V . In further publications,
Johnson did this, allowing V to have Laplace (Johnson, 1954) and logistic
(Tadikamalla & Johnson, 1982) distributions, respectively. (See also Fabián
& Vajda, 2003.) The latter LU , LL = log-logistic and LB distributions are
particularly attractive (see also Section 4.2.1); they are never multimodal,
while SB distributions and the equivalent densities associated with Laplace
V can be. Alternatively, another extension is to replace FL by a different

7



(symmetric) distribution function, F ∗, say. And one could do both: utilise
V and F ∗ in place of N and FL, respectively. A particularly natural — but
as yet unexplored except in the logistic case — version of this is to equate
F ∗ with the distribution function of V (for an example, see Section 4.2.2).
However, at this stage, we revert to the central topic of the paper and simply
consider as starting points ‘SB’s, ‘SL’s or ‘SU ’s whose densities have power
tails.

3. General Properties

3.1 Density Relationships

The relationships between densities f, g, and h on R, R+ and (0, 1),
respectively, follow from transformations (1) by first principles and are:

f(x), g(y) =
1

2

(
1 +

1

y2

)
f

(
1

2

(
y − 1

y

))
,

h(z) =
1

2

(
1

(1 − z)2
+

1

z2

)
f

(
1

2

(
1

(1 − z)
− 1

z

))
; (2a)

g(y), h(z) =
1

(1 − z)2
g
(

z

1 − z

)
,

f(x) =

(
1 +

x√
x2 + 1

)
g
(
x +

√
x2 + 1

)
; (2b)

h(z), g(y) =
1

(1 + y)2
h

(
y

1 + y

)
,

f(x) =
1

2x2

(
1 − 1√

x2 + 1

)
h

(
x − 1 +

√
x2 + 1

2x

)
. (2c)

3.2 Tail and Boundary Behaviour

Tail and boundary behaviours of f , g and h follow from one another
directly from (2a,b,c). In the case of power tail and boundary-tail behaviour,
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it is useful to gather the consequences – already discussed in Sections 1 and
2 — together as below.

Result 1. Let α, β > 0. Any one of the behaviours below is equivalent,
under transformations (2a,b,c), to the other two:

f(x) ∼ |x|−(α+1) as x → −∞ and f(x) ∼ x−(β+1) as x → ∞;

g(y) ∼ yα−1 as y → 0 and g(y) ∼ y−(β+1) as y → ∞;

h(z) ∼ zα−1 as z → 0 and h(z) ∼ (1 − z)β−1 as z → 1.

3.3 Moments

Moments of heavy-tailed distributions on R and R+ do not always exist.
In particular, for the power-tailed f ’s of interest in this paper, µr ≡ E(Xr),
r > 0, is finite only for r < min(α, β). (This is an immediate consequence
of the finiteness or otherwise of integrals of the form

∫∞
M xr−β−1dx.) Non-

existence of moments is sometimes seen as a disadvantage of heavy-tailed
distributions, but the difficulty is the statistical world’s obsession with mo-
ments rather than with heavy-tailed distributions per se. Indeed, it would
not be unreasonable to define heavy-tailedness through the non-existence of
certain moments. The role of classical, fourth-moment, kurtosis as a measure
of heaviness of tails is, to say the least, called into question by this.

On R+, it is only the right-hand tail that affects existence of moments,
so µr < ∞ for r < β. On (0, 1), all moments exist.

3.4 Quantiles

Measures of location, scale and shape based on quantiles always exist and
so, for heavy-tailed distributions in particular, are more attractive than mea-
sures based on moments. Moreover, quantiles interact in a straightforward
manner with transformations: for example, if Z = T (X) for a monotone in-
creasing transformation T (·) then Qh(p) = T (Qf(p)) where Qf (p) = F−1(p)
(e.g. Gilchrist, 2000, Section 4.3). Therefore, given a quantile function for one
of X, Y or Z, the quantile functions associated with the other two random
variables are immediately obtained by applying the relevant transformation
from (1a,b,c) to the initial quantile function.
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3.5 (A)Symmetry

The density f on R is symmetric about zero if and only if the density h
on (0, 1) is symmetric about 1/2. This corresponds to an interesting ‘pseudo-
symmetry’ of the associated density g on R+ about 1:

1

y
g

(
1

y

)
= yg(y) (3)

(g cannot, of course, be symmetric per se). In all these cases, α = β.

3.6 Modality

Unfortunately, modality of densities is not necessarily preserved under
transformation. None of the simpler densities explicitly written out in Section
4 to follow is bi- or multi-modal in the sense of exhibiting more than one mode
away from the boundaries of its support. Unimodality of some of the more
complicated densities is either unproven or untrue; brief comments to the
appropriate effect will be made for all the difficult cases.

4. Examples of Linked Distributions

4.1 Beta-Based Distributions

The beta distribution on (0, 1) with parameters α and β has density
h1(z) = {B(α, β)}−1zα−1(1 − z)β−1 where B(·, ·) denotes the beta function;
it is the most famous example of a two-parameter distribution on (0, 1). The
distribution on R+ that is linked with the beta via transformation (1c) is,
as is well known, a scaled version of the F distribution on (2α, 2β) degrees
of freedom, with density g1(y) = {B(α, β)}−1(1 + y)−(α+β)yα−1. These two
distributions are also known as beta distributions of the first and second kind,
respectively. What might naturally therefore be called the beta distribution
of the third kind can be newly defined via (1a) or (1b) to be the distribution
on R with density

f1(x) =
1

B(α, β)
√

x2 + 1

(x +
√

x2 + 1)α

(1 + x +
√

x2 + 1)α+β
. (4)
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By construction, f1 has power tails with indices α (to the left) and β (to
the right). Also by construction, f1 is the density of F−1

0 (Z1) where Z1 ∼
Beta(α, β) and F0 is the distribution function associated with transforming
the uniform distribution, which is given just above (5) in Section 4.1.1 below.
This means that (3) is an “order statistic distribution” in the sense of Jones
(2004). In particular, if α = i and β = n + 1− i are integers, then (3) is the
distribution of the ith order statistic from an i.i.d. sample of size n from the
distribution with density (5). Jones’s generalisation lies in allowing α and
β to be real rather than integer valued. In addition, density (3) is a special
case of a five parameter distribution mentioned in Section 6.2 of Jones (2004)
(set k = 1 in his density (6.2)).

Density (4) is unimodal for all α = β. We have not observed multi-
modality for any other values of α and β but we have been unable to prove
unimodality in general.

4.1.1 Uniform-Based Distributions

Here, we briefly consider the special case of the beta-based densities for
which α = β = 1 i.e. distributions based on transforming the uniform dis-
tribution (which has very heavy tails on (0, 1)). Transformation (1c) results
in the F2,2 distribution on R which has density (1 + y)−2 and whose log has
the standard logistic distribution. More interestingly, transformation (1b)
defines a distribution on R with quantile function (1/2)[{1/(1− z)}− (1/z)]
and distribution function F0(x) = (x−1+

√
x2 + 1)/(2x). Also by construc-

tion, this distribution is symmetric about zero. Its density function is given
by

f0(x) =
1

2x2

(
1 − 1√

x2 + 1

)
. (5)

This is, of course, a very heavy-tailed (unimodal) distribution on R with
f(x) ∼ |x|−2 as |x| → ∞ (on a par with the Cauchy distribution).

4.2 Johnson-Type Distributions

4.2.1 LU , LL and LB Distributions

From Section 2.1, the transformation relationships between the LU , LL

and LB distributions of Tadikamalla & Johnson (1982) are of type (1). But
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also, in this case, the distributions have power tails. Interestingly, the tail
parameters in this family are the same and equal to Johnson’s parameter
δ. Johnson’s other parameter, γ (actually in the form of θ ≡ eγ), serves to
introduce skewness but without affecting tailweights. We give the density of
the (unimodal) LU distributions on R for comparison with (4):

f2(x) =
δθ√

x2 + 1

(x +
√

x2 + 1)δ

{1 + θ(x +
√

x2 + 1)δ)2
. (6)

Density (6), appropriately scaled, is also a special case of the five parameter
density of Section 6.2 of Jones (2004) (set a = b = 1 and k = 1/δ in (6.2) of
that paper). It is also noted for the first time there that the t distribution on
2 degrees of freedom is the δ = 2, θ = 1 special case of the LU distribution.

4.2.2 Laplace-Laplace-Based Distributions

In the general formulation of Johnson-type distributions in Section 2.1,
take V to have the standard Laplace distribution and let F ∗ be its distribu-
tion function. Consider in detail only the symmetric case, γ = 0. Then the
Johnson-type distribution on (0, 1) has density

f3(z) =

{
δ(2z)δ−1 if z ≤ 1/2,
δ{2(1 − z)}δ−1 if z ≥ 1/2.

This is precisely the density of the symmetric special case of the standard
two-sided power (STSP) distribution of van Dorp & Kotz (2002); see Kotz
& van Dorp (2004, Chapter 3). (This link between two-sided power and
Laplace distributions appears to be new.) The transformed distribution on
R+ is a simple two-piece F distribution (strictly, beta distribution of the
second kind) with density

g3(y) =

{
δ2δ−1(1 + y)−(δ+1)yδ−1 if y ≤ 1,
δ2δ−1(1 + y)−(δ+1) if y ≥ 1.

The left- and right-hand F -type pieces are associated with degrees of freedom
(2δ, 2) and (2, 2δ), respectively. The distribution is monotone decreasing for
δ ≤ 1 and is otherwise unimodal with mode at min{(δ − 1)/2, 1}. We will
not bore the reader with the associated density on R.
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Non-zero γ in this approach skews the distributions by introducing a third
piece. This is, perhaps, less attractive than the STSP’s method of replacing
1/2 by a parameter θ ∈ (0, 1). Again, both tails have the same parameter δ
and γ has no effect on tailweight.

4.3 Birnbaum-Saunders-Type Distributions

Ignoring a scale parameter, the Birnbaum-Saunders distribution is the
distribution of T where

N =
1

α

(√
T − 1√

T

)
(7)

and N follows the standard normal distribution (Birnbaum & Saunders, 1969,
Johnson et al., 1994b, Section 33.3). Of course, this is essentially transforma-
tion (1a) with Y =

√
T (divided by parameter α which could be subsumed by

allowing non-unit-scale normal N). The square root is the ‘thin disguise’ of
the Birnbaum-Saunders distribution mentioned in Section 2. This is because
whether one chooses to define a random variable on R+ directly or through
its square root is immaterial, making the two approaches entirely equivalent.

The link with normality of the Birnbaum-Saunders distribution keeps it
out of the class of power-tailed distributions of direct interest here. In a recent
paper, Dı́az-Garćıa & Leiva-Sánchez (2005) applied the Birnbaum-Saunders
transformation (7) to a variety of alternative symmetric distributions on
R with a variety of types of tail behaviour. See that paper for density
formulae. A parallel set of formulae, not given here, arises from applying
(scaled) (1a) to give densities on R+ which are the densities of the squares
of the random variables considered by Dı́az-Garćıa & Leiva-Sánchez. Novel
symmetric distributions on (0,1) achieved by applying transformation (1c)
to the distributions mentioned above are not uninteresting, but will not be
pursued here.

The Birnbaum-Saunders transformation (7) can also, of course, be applied
to other distributions on R+ to produce distributions on R, which is what
our approach advocates in the form of applying (1a) to the square roots of the
nonnegative random variables. Jones & Faddy (2003) applied (7) to the beta
distribution of the second kind; equivalently, apply (1a) to the square root
of such a variable which has density g4(y) = {B(α, β)(1 + y2)α+β}−12y2α−1.
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(Powers other than the square-root are considered in Section 6.2 of Jones,
2004.) The result is Jones & Faddy’s (2003) skew t distribution (scaled) with
density

f4(x) =
1

2α+β−1B(α, β)

(
1 +

x√
x2 + 1

)α+(1/2) (
1 − x√

x2 + 1

)β+(1/2)

.

This reduces to the (scaled) Student t distribution on 2α degrees of freedom
when α = β. Density f4 is unimodal for all α, β. Note, however, that the α in
(7) and the α in g4 are indeed the same; if they differ, as they naturally might
if you start from the symmetric rather than skew t distribution on R, then
a more complicated version of g4 ensues (as in Corollary 2 of Dı́az-Garćıa &
Leiva-Sánchez, 2005)

On (0, 1), we get

h4(z) =
2

B(α, β)

z2α−1(1 − z)2β−1

{(1 − z)2 + z2}α+β
.

Disentangling its genesis, this rather attractive density is nothing other than
that of Y 2

α /(Y 2
α +Y 2

β ) where Yα and Yβ are independent gamma random vari-
ables with shape parameters α and β, respectively. However, it can readily
be seen in the symmetric case, α = β, that there is a ‘transition range’ of
values of α for which h4 is multimodal. For α ≤ 1/4, h4 is uniantimodal,
while for α ≥ 1/2, h4 is unimodal; 1/4 < α < 1/2 constitutes the tran-
sition range. Note that all the densities subscripted by ‘4’ happen to be
parametrised such that the left- and right-hand power tails are indexed by
2α and 2β, respectively.

4.4 Some Distributions Defined Through Their Quantile Functions

It is sometimes appealing to define families of distributions through sim-
ple forms for their quantile, rather than density or distribution, functions
(e.g. Gilchrist, 2000). An attractive family of (unimodal) power-tailed dis-
tributions on R+ is those with quantile function

Qg(p) =
p1/α

(1 − p)1/β
. (8)
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This family is briefly discussed under the name ‘power-Pareto distribution’
by Gilchrist (2000). More details are given by Hankin & Lee (2006) who
call it the ‘Davies distribution’ and show that its power tails have left- and
right-indices α and β, respectively. Of course, (8) is not explicitly invertible
in general, but when α = β, G(y) = (1+y1/α)−1y1/α which is the distribution
of the αth power of a random variable with the F2,2 distribution (and a few
other special cases are tractable too).

The quantile functions of the power-tailed distributions on R and (0, 1)
associated with distribution (8) are:

Qf(p) =
p2/α − (1 − p)2/β

2p1/α(1 − p)1/β

and

Qh(p) =
p1/α

p1/α + (1 − p)1/β
,

respectively. Note that they are necessarily explicitly invertible for precisely
the same values of α and/or β as is Qg. Full modality properties of the latter
distributions have not been determined.

5. Parameters in Practice

We close this paper with the briefest of further brief words on parameters.
Let Z ∼ h on (0, 1) as before, with two shape parameters α and β. Then,
as discussed in Section 1, the most usual (but not necessarily only) ways
of parameterising distributions for use in practice on R+ and R would be
to introduce scale parameter σ into g and, additionally, location parameter
µ into f . Let P = σY ∼ σ−1g(σ−1y) on R+ and R = σX + µ ∼ σ−1

f(σ−1(x − µ)) on R. The shape parameters in both f and g remain α and
β. This is equivalent to utilising the following form of (1a,b,c):

R = µ +
1

2

(
P − σ2

P

)
, P = R − µ +

√
(R − µ)2 + σ2;

R = µ +
σ

2

(
1

1 − Z
− 1

Z

)
, Z =

R − µ − σ +
√

(R − µ)2 + σ2

2(R − µ)
;
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P =
σZ

1 − Z
, Z =

P

σ + P
.
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